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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
This paper investigates the accuracy of the so-called Theory of Critical Distances (TCD) in modelling, in the high-cycle fatigue 
regime, the behaviour of notched plain concrete. The TCD postulates that the fatigue damage extent has to be estimated by 
directly post-processing the entire linear-elastic stress field damaging the material in the vicinity of the crack initiation locations. 
According to the TCD’s modus operandi, the high-cycle fatigue assessment is performed by using a scale length parameter which 
is treated as a material property. The accuracy of this method was checked against a number of experimental results generated by 
testing, under four-point bending, notched specimens of plain concrete. This validation exercise allowed us to prove that the TCD 
is successful in estimating the high-cycle fatigue strength of notched concrete beams, resulting in predictions falling within an 
error interval of about ±15%. 
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1. Introduction 
In situations of practical interest concr te structures can undergo in-service tim -variabl loading. This is a 
co mon situation, for instance, in runways subjected to repeated loads due to passing aircrafts, asphalt concretes 
subjected to cyclic local pressures resulting from the action of tyres, and the concrete structural parts of bridges 
cyclically loaded by traveling motor vehicles. Even though, since the beginning of the last century (Von Ornum, 
1903; Von Ornum, 1907) a tremendous effort has been made by the international scientific community, examination 
of the state of the art shows that a universally accepted strategy suitable for efficiently perform the fatigue 
assessment of concrete has not been agreed yet. Further, other than a few isolated investigations (Ohlsson et al., 
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1990; Plizzari et al., 1997; Thun et al., 2011), no systematic work has been carried out so far in order to devise 
specific methods capable of taking into account the detrimental effect of notches weakening plain concrete structural 
details subjected to in-service fatigue loading. 
In this challenging scenario, the present paper reports on an attempt of using the so-called Theory of Critical 
Distances (TCD) to perform the high-cycle fatigue assessment of notched plain concrete. 
 
Nomenclature 
fT, fC, fB  static strength determined under tension, compression and bending 
rn  notch root radius 
Kt  net stress concentration factor 
Kth,max  maximum value of the threshold stress intensity factor 
L  critical distance value 
Oxyz  system of coordinates 
PS  probability of survival 
R  load ratio (R=min/max) 
, r  polar coordinates 
0,MAX  maximum value of the un-notched endurance limit for max>0 
0,MIN  absolute minimum value of the un-notched endurance limit for max≤0 
1,max  maximum value in the cycle of the maximum principal stress 
A  endurance limit amplitude 
eff,max  maximum value of the effective stress 
max  maximum stress in the cycle 
MAX  maximum value of the notch endurance limit referred to the net area 
min  minimum stress in the cycle 
y,max  maximum value of stress component y 
Kth  threshold value of the stress intensity factor range 
0  range of the un-notched endurance limit 
1  range of the maximum principal stress 
eff  range of the effective stress 
nom  range of the nominal stress 
y  range of stress component y 
2. Mean stress effect in concrete fatigue 
The overall fatigue strength of concrete is affected by a large number of variables which include: surface 
roughness, environmental conditions, temperature, type of loading, water-to-cement ratio, ageing, and shrinkage 
stresses. Other than these factors, the presence of non-zero mean stresses as well is seen to play a role of primary 
importance, the mean stress effect being an important aspect to be taken into account when designing notched 
concrete structures against fatigue. 
To investigate the influence of non-zero mean stresses on the fatigue strength of concretes, a large number of 
experimental data were selected from the technical literature - for a detailed description of the used data see (Susmel, 
2014). The selected results were generated by testing un-notched plain concretes as well as un-notched short 
fibre/particle reinforced concretes subjected either to cyclic tension, to cyclic tension/compression, to cyclic 
compression, or to cyclic three/four point bending. These data were initially post-processed, for a probability of 
survival, PS, equal to 50%, in terms of endurance limit amplitude, A, extrapolated at NRef=2·106 cycles to failure. 
The statistical reanalyses were performed, with a confidence level equal to 95%, by assuming a log-normal 
distribution of the number of cycles to failure for each stress level (Spindel and Haibach, 1981). 
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Fig. 1. Endurance limit vs. R diagrams plotted, for PS=50%, in terms of amplitude, A (a, b) and maximum stress, 0,MAX, under max>0 (c) as well 
as in terms of absolute value of the minimum stress at the endurance limit, 0,MIN, under max≤0 (d). 
The endurance limit amplitudes experimentally determined for PS=50% under max>0 are reported in the diagram 
of Figure 1a which plots the A to S ratio against R=min/max. In this chart the reference static strength, S, is taken 
either equal to the material tensile static strength, fT, under cyclic axial loading or equal to material bending static 
strength, fB, under cyclic bending. The above diagram was normalised by making the assumption that the tensile part 
of the cycle is the most damaging part also under max>0 and min<0, this holding true independently from the 
applied load ratio, R. This can be justified by observing that the static strength of a concrete under compression is 
about an order of magnitude larger than the corresponding static strength under either tension or bending. Since, 
given a concrete material, fatigue strength is somehow proportional to its static strength, the above hypothesis seems 
to be the most logical one to be formed to normalise the endurance limits of concrete subjected to either 
tension/compression or bending. The chart of Figure 1a makes it evident that under max>0 the fatigue strength of 
both plain and short fibre/particle reinforced concretes is highly affected by the presence of non-zero mean stresses, 
the relationship between A/S and R being linear. 
The diagram reported in Figure 2b displays the effect of non-zero mean stresses under max≤0, where the 
endurance limits are normalised through the static strength under compression, fC. According to the above diagram, 
the normalised fatigue strength of concretes subjected to cyclic compression decreases as the mean stress decreases. 
The subsequent step in the reasoning is re-analysing, for PS=50%, the selected experimental results in terms of 
0,MAX (under max>0) and 0,MIN (under max≤0), where these two stress quantities are the endurance limits at 
NRef=2·106 cycles to failure calculated in terms of maximum stress and absolute value of the minimum stress in the 
cycle, respectively. The normalised endurance limit vs. R diagrams reported in Figures 1c and 1d prove that the use 
of 0,MAX and 0,MIN allows the experimental data to fall within an error band of ±20%, where the average values of 
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the normalised endurance limits are equal to 0.63 under max>0 and to 0.6 under max≤0. Owing to the fact that this 
level of accuracy is considered to be high enough to allow engineering materials to efficiently be design against 
fatigue (Susmel, 2009), the charts of Figures 1c and 1d strongly support the idea that the mean stress effect in 
concrete fatigue can effectively be modelled by using either 0,MAX under max>0 or 0,MIN under max≤0. 
 
 
Fig. 2. Definition of the local systems of coordinates (a) and range of the effective stress, eff, calculated according to the Point Method (b), 
Line Method (c), and Area Method (d). 
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To conclude it can be pointed out that, in light of its accuracy, this schematisation will be adopted in the next 
section to reformulate the TCD to make it suitable for performing the high-cycle fatigue assessment of notched plain 
concrete. 
3. The TCD reformulated to design notched plain concrete against high-cycle fatigue 
When cracks and notches are subjected to Mode I fatigue loading, the TCD postulates that the material being 
investigated is at the endurance limit as long as the following condition is assured: 
0eff       (1)
In the above relationship, eff is the range of the effective stress calculated according to one of the existing 
formalisations of the TCD, whereas 0 is the range of the un-notched endurance limit. 
The second material property which is needed to apply the TCD is critical distance L which takes on the 
following value (Taylor, 2007): 
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where Kth is the range of the threshold value of the stress intensity factor. 
The TCD’s effective stress, eff, can then be calculated according to either the Point Method (PM), the Line 
Method (LM), or the Area Method (AM) as follows (Susmel, 2009; Taylor, 2007): 
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The adopted symbols as well as the meaning of the range of the effective stress determined according to 
definitions (3) to (5) are explained in Figure 2. In particular, y is the range of the normal stress parallel to axis y, 
whereas 1 is the range of the maximum principal stress. 
In order to make the TCD suitable for estimating the high-cycle fatigue strength of notched plain concretes, this 
theory has to be reformulated in order to correctly take into account the presence of non-zero mean stresses. By 
focusing attention solely on those situations characterised by max>0, according to what briefly discussed in the 
previous section, the effective stress estimated according to the PM, LM, and AM is suggested here as being 
determined as follows: 
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Therefore, under either cyclic tension, cyclic tension/compression, or cyclic bending, according to the TCD a 
notched plain concrete is assumed to be in the endurance limit condition as long as the maximum value of the 
effective stress, eff,max, is lower than (or equal to) the maximum value of the un-notched endurance limit, 0,MAX. 
Fig. 3. Summary of the generated experimental results (Jadallah et al., 2016) and endurance limits estimated, for PS=50%, at 2106 cycles to 
failure according to Dixon’s method (Dixon, 1965). 
The second experimental information which is needed is the material critical distance, L. If the threshold value of 
the stress intensity factor is known for the concrete being designed, then L can directly be calculated according to 
definition (2) by expressing the material properties of interest in terms of maximum values, i.e.: 
2
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  ,    (9)
To conclude, it is worth observing that critical distance L can also be estimated by using the un-notched 
endurance limit and an endurance limit experimentally determined by testing specimens containing a known 
geometrical feature. In fact, as schematically shown in Figure 2e, according to the PM, L/2 is equal to the distance 
from the notch tip at which the local linear-elastic stress field, plotted at the endurance limit, equals 0,MAX. 
4. Experimental details 
In order to check the accuracy of the proposed reformulation of the TCD in estimating the high-cycle fatigue 
strength of notched plain concrete, 100mm x 100mm square section beams containing different geometrical features 
were tested under cyclic four-point bending (Jadallah et al., 2016). The length of the specimens was equal to 500 
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To conclude it can be pointed out that, in light of its accuracy, this schematisation will be adopted in the next 
section to reformulate the TCD to make it suitable for performing the high-cycle fatigue assessment of notched plain 
concrete. 
3. The TCD reformulated to design notched plain concrete against high-cycle fatigue 
When cracks and notches are subjected to Mode I fatigue loading, the TCD postulates that the material being 
investigated is at the endurance limit as long as the following condition is assured: 
0eff       (1)
In the above relationship, eff is the range of the effective stress calculated according to one of the existing 
formalisations of the TCD, whereas 0 is the range of the un-notched endurance limit. 
The second material property which is needed to apply the TCD is critical distance L which takes on the 
following value (Taylor, 2007): 
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where Kth is the range of the threshold value of the stress intensity factor. 
The TCD’s effective stress, eff, can then be calculated according to either the Point Method (PM), the Line 
Method (LM), or the Area Method (AM) as follows (Susmel, 2009; Taylor, 2007): 
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The adopted symbols as well as the meaning of the range of the effective stress determined according to 
definitions (3) to (5) are explained in Figure 2. In particular, y is the range of the normal stress parallel to axis y, 
whereas 1 is the range of the maximum principal stress. 
In order to make the TCD suitable for estimating the high-cycle fatigue strength of notched plain concretes, this 
theory has to be reformulated in order to correctly take into account the presence of non-zero mean stresses. By 
focusing attention solely on those situations characterised by max>0, according to what briefly discussed in the 
previous section, the effective stress estimated according to the PM, LM, and AM is suggested here as being 
determined as follows: 
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Therefore, under either cyclic tension, cyclic tension/compression, or cyclic bending, according to the TCD a 
notched plain concrete is assumed to be in the endurance limit condition as long as the maximum value of the 
effective stress, eff,max, is lower than (or equal to) the maximum value of the un-notched endurance limit, 0,MAX. 
Fig. 3. Summary of the generated experimental results (Jadallah et al., 2016) and endurance limits estimated, for PS=50%, at 2106 cycles to 
failure according to Dixon’s method (Dixon, 1965). 
The second experimental information which is needed is the material critical distance, L. If the threshold value of 
the stress intensity factor is known for the concrete being designed, then L can directly be calculated according to 
definition (2) by expressing the material properties of interest in terms of maximum values, i.e.: 
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To conclude, it is worth observing that critical distance L can also be estimated by using the un-notched 
endurance limit and an endurance limit experimentally determined by testing specimens containing a known 
geometrical feature. In fact, as schematically shown in Figure 2e, according to the PM, L/2 is equal to the distance 
from the notch tip at which the local linear-elastic stress field, plotted at the endurance limit, equals 0,MAX. 
4. Experimental details 
In order to check the accuracy of the proposed reformulation of the TCD in estimating the high-cycle fatigue 
strength of notched plain concrete, 100mm x 100mm square section beams containing different geometrical features 
were tested under cyclic four-point bending (Jadallah et al., 2016). The length of the specimens was equal to 500 
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mm with a nominal notch depth equal to 50 mm. The tested notched beams were weakened by U-notches having 
root radius, rn, equal to 25 mm, 12.5 mm, and 1.4 mm, the corresponding net stress concentration factors, Kt, being 
equal to 1.47, 1.84, and 4.32, respectively. The un-notched endurance limits were determined by testing under cyclic 
four-point bending beams having width equal to 50mm and thickness to 100 mm. 
The concrete mix used to cast the specimens was as follows: Portland cement (strength class equal to 32.5 
N/mm2), natural round gravel (10 mm grading), and grade M concrete sand. Two different water-to-cement ratios 
were employed in order to manufacture samples having the same material morphology with different strengths: for 
Batch A the water-to-cement ratio was equal to 0.5, whereas for Batch B to 0.4. 24 hours after casting the samples 
were removed from the moulds to be placed in in a moist room at 23°C for 28 days. 
The static properties of the un-notched material were determined under three-point bending, resulting in a 
bending strength, fB, equal to 4.9 MPa for Batch A and to 6.5 MPa for Batch B. 
Both the un-notched and notched samples were tested under cyclic four-point bending at a frequency of 10 Hz, 
the failure criterion being the complete breakage of the samples themselves. 
The generated experimental results are summarised in Figure 3 together with the corresponding endurance limits. 
In this figure 0,MAX is used to denote the un-notched material endurance limits, whereas MAX to indicate the notch 
endurance limits, the latter quantities being calculated in terms of nominal net bending stresses. Finally, it is 
important to point out that the above endurance limits were all estimated at 2106 cycles to failure by post-processing 
the generated results according to the up-and-down method proposed by Dixon (Dixon, 1965). 
Fig. 4. Linear-elastic stress fields in the endurance limit condition and accuracy of the PM in estimating the high-cycle 
fatigue strength of the tested concrete. 
5. TCD’s accuracy in estimating high-cycle fatigue strength of notched plain concrete 
To check the accuracy of the TCD against the generated experimental results, initially the relevant linear-elastic 
stress fields in the vicinity of the investigated geometrical features were determined by using commercial Finite 
Element (FE) software ANSYS®. The tested concrete was treated as a homogenous and isotropic material. The 
notched samples were modelled via bi-dimensional elements Plane 183, the mesh density in the notch tip regions 
being gradually increased until convergence occurred. The stress vs. distance diagrams reported in Figure 4 show the 
relevant stress fields determined, in the endurance limit condition, according to the numerical approach describe 
above. 
The critical distance value, L, needed to calculate eff,max according to definitions (6) to (8) was estimated by 
following the simplified procedure schematically summarised in Figure 2e, the results generated by testing the 
sharply U-notched specimens being used as the calibration information. As shown in Figure 4, the fact that the two 
batches had the same microstructure (the only difference being the water-to-cement ratio) resulted in a critical 
distance value, L, invariably equal to 5.8 mm. This strongly supports the idea that L is a microstructural length scale 
parameter which mainly depends on the morphology of the material being investigated. 
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Table 1. Overall accuracy of the TCD in estimating the high-cycle fatigue strength of the tested notched concrete. 
Notch type Kt 
Error [%] 
Batch A Batch B 
PM LM AM PM LM AM 
Blunt 1.47 8.8 -14.1 12.6 0.4 -20.8 3.7 
Intermediate 1.84 12.7 -13.9 16.6 4.9 -19.9 8.5 
Sharp 4.32 0.0 -15.3 10.8 0.0 -18.7 6.3 
 
As shown in Figure 4, the PM was seen to be highly accurate in estimating the high-cycle fatigue strength of the 
samples containing not only the intermediate (Kt=1.47), but also the blunt notches (Kt=1.84). Table 1 summarises 
the overall accuracy obtained by apply the TCD in the form of the PM, LM, and AM, the error being calculated as: 
MAX,0
MAX,0max,effError 
  [%]    (10)
To conclude, it can be pointed out that, according to Table 1, the use of both the PM and AM resulted in estimates 
falling within an error interval of ±15%, whereas the use of the LM in predictions falling, on the non-conservative 
side, within an error interval of ±20%. The obtained level of accuracy is certainly satisfactory since, in the presence 
of stress concentration phenomena, it is not possible to distinguish between an error of ±20% and an error of 0% as a 
consequence of those problems that are usually encountered when performing the testing as well as the numerical 
analyses (Susmel, 2009; Taylor and Wang, 2000). 
6. Conclusions 
 Both the PM and AM were seen to be highly accurate in estimating the high-cycle fatigue strength of the tested 
notched concrete. This strongly supports the idea that these two formalisations of the TCD can be used in 
situations of practical interest to efficiently design notched plain concrete against fatigue. 
 The use of the LM to estimate the generated notch endurance limits resulted in non-conservative predictions 
falling within an error interval of ±20%. 
 The TCD critical distance was seen to be the same for both batches. This suggests that, in plain concrete, L is a 
microstructural length scale parameter whose value is mainly related to the microstructural features of the 
material being assessed. 
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mm with a nominal notch depth equal to 50 mm. The tested notched beams were weakened by U-notches having 
root radius, rn, equal to 25 mm, 12.5 mm, and 1.4 mm, the corresponding net stress concentration factors, Kt, being 
equal to 1.47, 1.84, and 4.32, respectively. The un-notched endurance limits were determined by testing under cyclic 
four-point bending beams having width equal to 50mm and thickness to 100 mm. 
The concrete mix used to cast the specimens was as follows: Portland cement (strength class equal to 32.5 
N/mm2), natural round gravel (10 mm grading), and grade M concrete sand. Two different water-to-cement ratios 
were employed in order to manufacture samples having the same material morphology with different strengths: for 
Batch A the water-to-cement ratio was equal to 0.5, whereas for Batch B to 0.4. 24 hours after casting the samples 
were removed from the moulds to be placed in in a moist room at 23°C for 28 days. 
The static properties of the un-notched material were determined under three-point bending, resulting in a 
bending strength, fB, equal to 4.9 MPa for Batch A and to 6.5 MPa for Batch B. 
Both the un-notched and notched samples were tested under cyclic four-point bending at a frequency of 10 Hz, 
the failure criterion being the complete breakage of the samples themselves. 
The generated experimental results are summarised in Figure 3 together with the corresponding endurance limits. 
In this figure 0,MAX is used to denote the un-notched material endurance limits, whereas MAX to indicate the notch 
endurance limits, the latter quantities being calculated in terms of nominal net bending stresses. Finally, it is 
important to point out that the above endurance limits were all estimated at 2106 cycles to failure by post-processing 
the generated results according to the up-and-down method proposed by Dixon (Dixon, 1965). 
Fig. 4. Linear-elastic stress fields in the endurance limit condition and accuracy of the PM in estimating the high-cycle 
fatigue strength of the tested concrete. 
5. TCD’s accuracy in estimating high-cycle fatigue strength of notched plain concrete 
To check the accuracy of the TCD against the generated experimental results, initially the relevant linear-elastic 
stress fields in the vicinity of the investigated geometrical features were determined by using commercial Finite 
Element (FE) software ANSYS®. The tested concrete was treated as a homogenous and isotropic material. The 
notched samples were modelled via bi-dimensional elements Plane 183, the mesh density in the notch tip regions 
being gradually increased until convergence occurred. The stress vs. distance diagrams reported in Figure 4 show the 
relevant stress fields determined, in the endurance limit condition, according to the numerical approach describe 
above. 
The critical distance value, L, needed to calculate eff,max according to definitions (6) to (8) was estimated by 
following the simplified procedure schematically summarised in Figure 2e, the results generated by testing the 
sharply U-notched specimens being used as the calibration information. As shown in Figure 4, the fact that the two 
batches had the same microstructure (the only difference being the water-to-cement ratio) resulted in a critical 
distance value, L, invariably equal to 5.8 mm. This strongly supports the idea that L is a microstructural length scale 
parameter which mainly depends on the morphology of the material being investigated. 
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Table 1. Overall accuracy of the TCD in estimating the high-cycle fatigue strength of the tested notched concrete. 
Notch type Kt 
Error [%] 
Batch A Batch B 
PM LM AM PM LM AM 
Blunt 1.47 8.8 -14.1 12.6 0.4 -20.8 3.7 
Intermediate 1.84 12.7 -13.9 16.6 4.9 -19.9 8.5 
Sharp 4.32 0.0 -15.3 10.8 0.0 -18.7 6.3 
 
As shown in Figure 4, the PM was seen to be highly accurate in estimating the high-cycle fatigue strength of the 
samples containing not only the intermediate (Kt=1.47), but also the blunt notches (Kt=1.84). Table 1 summarises 
the overall accuracy obtained by apply the TCD in the form of the PM, LM, and AM, the error being calculated as: 
MAX,0
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  [%]    (10)
To conclude, it can be pointed out that, according to Table 1, the use of both the PM and AM resulted in estimates 
falling within an error interval of ±15%, whereas the use of the LM in predictions falling, on the non-conservative 
side, within an error interval of ±20%. The obtained level of accuracy is certainly satisfactory since, in the presence 
of stress concentration phenomena, it is not possible to distinguish between an error of ±20% and an error of 0% as a 
consequence of those problems that are usually encountered when performing the testing as well as the numerical 
analyses (Susmel, 2009; Taylor and Wang, 2000). 
6. Conclusions 
 Both the PM and AM were seen to be highly accurate in estimating the high-cycle fatigue strength of the tested 
notched concrete. This strongly supports the idea that these two formalisations of the TCD can be used in 
situations of practical interest to efficiently design notched plain concrete against fatigue. 
 The use of the LM to estimate the generated notch endurance limits resulted in non-conservative predictions 
falling within an error interval of ±20%. 
 The TCD critical distance was seen to be the same for both batches. This suggests that, in plain concrete, L is a 
microstructural length scale parameter whose value is mainly related to the microstructural features of the 
material being assessed. 
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